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Abstract

A model of dynamic inefficiency levels (deviation from a frontier) can provide a more structural

interpretation for the variation in individual firm-specific inefficiencies. In this paper, we propose

a stochastic frontier model in which inefficiencies and the effects of determinants of inefficiencies

vary across individuals and over time. This paper also presents a formal test for time-variation in

inefficiencies. Bayesian tools are used to estimate the proposed model and make inferences about

the individual firm-specific inefficiencies. We also consider time-variation in slope coefficients of

production/cost function. We show that the model specification is flexible enough to accommo-

date a number of commonly used production/cost functions (e.g., Cobb-Douglas, translog) and

different types of trend behaviours (e.g., linear, quadratic). We allow for heteroskedastic effects in

the temporal behaviours of inefficiencies and the error component of the stochastic frontier. The

proposed model is applied to a study of economic growth.

Key words: Stochastic frontier model, state space model, precision-based algorithm.



1. Introduction

Following the seminal works of Aigner et al. (1977) and Meeusen and van den Broeck (1977),

many studies (e.g., Schmidt and Sickles (1984)) have extended a conventional stochastic frontier

model from the context of cross sectional data to that of panel data.1 An important issue of panel

studies of inefficiency measurement is to capture the temporal behaviour of inefficiencies. A model

of dynamic inefficiencies can provide a more ‘structural’ explanation and deeper understanding

regarding the variation in individual firm-specific inefficiencies.

Early studies (e.g., Kumbhakar (1990), Cornwell et al. (1990), Battese and Coelli (1992), and

among many others) considered the dynamic patterns of inefficiencies as the deterministic function

of time. Various specifications of the function have been proposed to ensure that inefficiencies

are non-negative in each time period. For instance, Kumbhakar (1990) assumed an exponential

function of quadratic trend, i.e., (1+ exp(bt+ ct2))−1, where b, c are unknown parameters and t is

time period. The dynamic specifications in the studies are often arbitrary functional approximation

with little theoretical justifications.

Recently Ahn and Sickles (2000), Tsionas (2006), (Emvalomatis et al. (2011)) have provided

a more structural approach to explain time-variation in inefficiencies. The common feature of

the studies is that the evolution of inefficiencies is assumed to follow an autoregressive process

(AR). Ahn and Sickles (2000) assumed inefficiency levels follow an stationary AR(1) process

and ruled out the non-stationary case. They did not consider the effects of other external factors

(which are neither inputs nor outputs) on inefficiencies. Tsionas (2006) and Emvalomatis et al.

(2011) considered both stationary and non-stationary processes. They both assumed logarithm of

inefficiencies follows AR(1) process, but Tsionas (2006) went further to incorporate the effects of

other determinants on inefficiencies. Bayesian approach with Metropolis algorithm was used in

his paper while a state space model with sequential Gaussian quadrature algorithm was employed

in Emvalomatis et al. (2011).

Our proposed model is a variant of stochastic frontier model with dynamic inefficiencies. Simi-

1See (Kumbhakar and Lovell, 2000, Chapter 3) for a survey.

2



lar to Tsionas (2006), we also incorporate the influences of other external factors on the evolution

of inefficiencies. However, our specification is based on the scale property which is motivated

by the studies of Kumbhakar (1990), Simar et al. (1994), Wang and Schmidt (2002), and Alvarez

et al. (2006).2 We extend their specifications by allowing inefficiency and the marginal effects of

external factors to vary across individuals and over time. The specification allows us to take a fur-

ther step to test for time-variation in inefficiencies, which have not investigated in Tsionas (2006)

and Emvalomatis et al. (2011). Bayesian tools are used to estimate the proposed model and make

inferences about individual firm-specific inefficiencies.

From computation perspective, we contribute to this literature by providing an fast and efficient

algorithm to estimate time-varying inefficiencies. One can use the model specification and the

algorithm described in Tsionas (2006), but at the cost of the poor convergence to the posterior

density and inefficient algorithm (the posterior draws are highly correlated). Tsionas (2006) first

generated the time-varying inefficiencies (state vectors) from its conditional posterior one at a

time for each observation, and then used the Metropolis Hasting algorithm to accept or reject

the candidate draws. The algorithm can involve fairly computational burden when the number of

observations and time periods are large, Further sampling the state one at a time is well-known for

slow convergence to a posterior distribution and far less efficient (e.g. Carter and Kohn (1994)).

Here we jointly sample all the states to improve the convergence and efficiency of the algorithm.

We adopt a simple Gaussian approximation to the posterior of the state vector in the spirit of Chan

and Jeliazkov (2009) and Chan and Strachan (2014). The appealing feature of the algorithm is that

it utilizes the sparse and banded matricies, and therefore the computation time is reduced.

In a dynamic world, it might be desirable to allow for time-variation in coefficients of produc-

tion/cost functions. Specifically, a stochastic trend in an intercept allows a flexible way to capture

technical change (the shift of the frontier). Recent studies using a state space model to investigate

the issues are Jin and Jorgenson (2010) and Peyrache and Rambaldi (2012). Jin and Jorgenson

2See Kumbhakar and Lovell (2000, Chapter 7) for a comprehensive survey about the literature on modelling effects

of exogenous variables on efficiency levels. Some studies (e.g., Daraio and Simar (2005), Mastromarco and Simar

(2014)) have been extended to estimate the effects of the external factor on inefficiencies in nonparametric paradigm.
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(2010) used a state space model to modelling substitution and technical change in price function;

they did not consider inefficiencies in their study. Peyrache and Rambaldi (2012) showed that

their time-varying stochastic frontier model specification can nest a number of proposed stochas-

tic frontier models in the literature.

A further contribution of this paper is to propose a stochastic frontier model where slope coef-

ficients of production and cost function follow stochastic trends. We show that commonly used

cost/production functions such as Cobb-Douglas, translog functions are a specific al case of our

model when further restrictions are imposed. We formally conduct a test for model specification

of the production/cost. The possibility of heteroskedastic effects in the temporal behaviour of

inefficiencies and production/cost frontier is also taken into consideration.

The Bayesian method used in this paper enable us to i) obtain the exact inference results without

relying on any asymptotic approximation; ii) obtain the inferences about unconditional individual

firm-specific inefficiencies rather than conditional ones; iii) easily impose economic regularity

conditions on the production functions.

The rest of this paper is structured as follows. Section 2 presents the proposed model, discusses

the underlying assumptions and shows the flexibility of the model. Section 3 discusses Bayesian

estimation. Section 4 presents Savage-Dickey density ratio test for time-variation and model spec-

ification of the stochastic frontier model. Section 5 illustrates the proposed model in a study of

economic growth of 21 OECD countries over periods 1970-2011, and Section 6 concludes.

2. Model specification

Let suppose that we have a panel data, in which observations are indexed by i (i = 1, . . . , N ),

and time is indexed by t (t = 1, . . . , T ). Let yit be the logarithm of output, xit = [1 x∗it] be a

1 × p vector of an intercept and variables which determine the production/cost frontier. A vector

1×m of z = [1 z∗it] be a vector of an intercept and external factors that affect inefficiencies. The
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proposed model is based on the following specification

yit = xitβt − uit + vit vit ∼ N(0, σ2
vi
), (2.1)

uit = exp(zitγit) (2.2)

βt = βt−1 + bt−1 + εβ εβ ∼ N(0, ω2
β), (2.3)

bt = bt−1 + εb εb ∼ N(0, ω2
b ), (2.4)

γit = γit−1 + εγi εγi ∼ N(0, ω2
γi
), (2.5)

where ω2
β = diag(ω2

β(1) , . . . , ω
2
β(p)), ω2

b = diag(ω2
b(1)
, . . . , ω2

b(p)
). A statistical noise vit is indepen-

dent of inputs xit and zit. An one-sided error uit represents for inefficiency levels. Equation (2.1)

is known as measurement equation and equations (2.3)-(2.5) are known as state equations. The

initialized state parameters β1 ∼ N(β0, P
−1
β ), b1 ∼ N(b0, P

−1
b ), γi1 ∼ N(γi1, P

−1
γi1

). The sign of

uit is positive if equation (2.1) is related to a cost function. Here we only present the derivation

for the case of a production function, but a similar procedure is straightforward to be adapted for

a cost function.

It is worthwhile to discuss and clarify the underlying assumptions in our proposed model. Our

dynamic inefficiency specification is an extension of the previous studies such as Simar et al.

(1994), Wang and Schmidt (2002), and Alvarez et al. (2006). Let us denote γit = [γ
(1)
it γ∗it]

′, where

γ∗it = [γ
(2)
it , . . . , γ

(m)
it ]. If one is willing to restrict γit be time-invariant and homogeneous across

observations, then the technical inefficiency in our proposed model is written as

uit = exp(γ(1)i + z∗itγ
∗
it) = exp(γ(1)i )exp(z∗itγ

∗
it),

uit = ηiexp(z∗itγ
∗). (2.6)

In the previous studies, the variable ηi is named as basic random variable or base inefficiency

level, the distribution of ηit is called the basic distribution. The model has the scaling property in

the sense that external factors z∗it only change the scale but not the shape of the distribution of uit.

For identification purpose, it is often assumed that an ηi follows a particular one-sided distribu-

tion such as N+(1, σ2
η), and then the model can be estimated using maximum likelihood approach.

One can avoid making an assumption about the distribution by using a non-linear least square
5



estimation; however, an assumption about homogeneous mean and variance of the basic random

variable is required, i.e., E(ηit) = µη, V ar(ηit) = σ2
η . This implies base inefficiencies are time-

invariant and that all individuals share the same mean and variance of the base inefficiency. In

our model, by treating the basic random variable as an intercept in zit and allowing it to vary over

time and observations as in equation (2.4), we require neither the mean, variance of the base in-

efficiency (basic random variable) nor the shape distribution of the base inefficiency is identical

across time and observations.

From economic perspective, the scaling property provides an intuitive and insightful economic

interpretation. For instance, the coefficients γ(j)it of variable j are the derivatives of log inefficiency

with respect to the z(j)it (i.e., γ(j)it = ∂ln(uit)/∂z
(j)
it ).

In this paper we allow the evolution of inefficiencies to follow a random walk described in (2.5).

The economic intuition for the random walk process is to capture high persistence of inefficiency

levels. That is, firms are not expected to adjust their efficiency levels immediately because many

factors influencing inefficiency levels may not be adjusted instantaneously when the adjustment

cost is high. Therefore, firms may remain inefficient for the short run and improve in the long run.

Kumbhakar and Lovell (2000, pp.116-130) mentioned that ignoring the effects of heteroskedas-

ticity in inefficiency and/or a symmetric error component can affect inferences about parameters

of stochastic frontier as well as inefficiencies. To capture the possibility of heteroskedasticity in

the evolution of firm individual specific inefficiencies, we allow for the variance of innovations εγi

to differ across observations. A similar feature is also applied for the innovations in the measure

equation to capture heteroskedasticity in vit of the stochastic frontier model.

The slope coefficients βt are varied according to stochastic trends described in (2.3) and (2.4).

We now show that this specification is flexible enough to nest a number of commonly used pro-

duction function such as Cobb-Douglas, translog function. For illustration, let us consider a sim-

ple example where inputs contains two variables x(1)it , x
(2)
it and x∗it contains the inputs, cross and

squared terms of the inputs, i.e., x∗it = [x
(1)
it x

(2)
it x

(1)
it x

(2)
it x

2(1)
it x

2(2)
it ].

Following Frühwirth-Schnatter and Wagner (2010) we define β̃(j)
t = (β

(j)
t − β

(j)
0 )/ωβ(j) , b̃(j)t =
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(b
(j)
t − b

(j)
0 )/ωb(j) , γ̃

(l)
it = (γ

(l)
it − γli0)/ωγ(l)i where j = 1, . . . , p, l = 1, . . . ,m The model (2.1)-(2.5)

can be represented in the non-centered parameterization

yit = xitβ0 + xittb0 + xitωββ̃t + xitωbB̃t − exp(zitγi0 − zitωγit γ̃it) + vit, (2.7)

β̃t = β̃t−1 + ξβ ξβ ∼ N(0, I), (2.8)

b̃t = b̃t−1 + ξb ξb ∼ N(0, I), (2.9)

B̃t = B̃t−1 + b̃t−1, (2.10)

γ̃it = γ̃it−1 + ξγit ξγit ∼ N(0, I), (2.11)

where ωβ = diag(ωβ(1) , . . . , ωβ(p)), ωb = diag(ωb(1) , . . . , ωb(p)), ωγit = diag(ω
γ
(1)
it
, . . . , ω

γ
(m)
it

)

The state equation (2.8)-(2.11) are initialized with β̃1 ∼ N(0, P−1β ), b̃1 ∼ N(0, P−1b ), B̃1 ∼

N(0, P−1B ), γ̃i1 ∼ N(0.P−1γi
).

As it can be seen, if there is no time-variation in β, i.e., ωβ = ωb = 0, the terms xitωββ̃t+xitωbB̃t

disappear and the production frontier (2.7) has the form f(xit) = xitβ0 + xittb0, which can be

expanded as β0 + b0t + β
(1)
0 x

(1)
it + b

(1)
0 tx

(1)
it + β

(2)
0 x

(2)
it + b

(2)
0 tx

(2)
it +β

(3)
0 x

(1)
it x

(2)
it + b

(3)
0 tx

(1)
it x

(2)
it +

β
(4)
0 x

2(1)
it + b

(4)
0 tx

2(1)
it +β(5)

0 x
2(2)
it + b

(5)
0 tx

2(2)
it . When the coefficients b(1)0 = b

(2)
0 = b

(3)
0 = b

(4)
0 =

b
(5)
0 = 0, the production frontier becomes a translog function. If an addition assumption β(3)

0 =

β
(4)
0 = β

(5)
0 = 0 is imposed, then a production frontier is in the form of Cobb-Douglas function.

One can easily modify the proposed model to capture quadratic trend. In other words, the model

is flexible enough to handle with a number of deterministic trends and commonly used production

function in the literature when coefficients follow a stochastic trend.

An appealing feature of this non-centered parametrization is that a formal test for time-variation

and function specification can be directly performed. Testing a time-varying model against time-

invariant one implies that the null hypothesis, e.g., ω2
β = 0 versus the alternative ω2

β > 0. The

hypothesis result in a non-regular testing problem as the null hypothesis lies on the boundary of

the parameter space (Andrews (2001)). This can be overcome by rewriting the model in the non-

centered parameterization and perform a test for ωβ = 0, which has a support of real line instead.

The details of the test is discussed in Section 4.
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3. Bayesian estimation

We now turn to Bayesian estimation of the model (2.7)-(2.11). To complete the model specifica-

tion in Bayesian set-up, we assume independent priors for parameters p(θ) = p(ωβ(1)) . . . p(ωβ(p))

p(ωb(1)) . . . p(ωb(p))p(ωγ(1)it
) . . . p(ω

γ
(m)
it

)p(ω2
vi
), where p(ω2

vi
) = IG(τi, Si), IG denotes inverse

gamma; p(ωk) = N(0, σ2
ωk
), k = ωβ(1) , . . . , ωβ(p) , ωb(1) , . . . , ωb(p) , ωγ(1)it

, . . . , ω
γ
(m)
it

, i = 1, . . . , n,

t = 1, . . . , T .

To facilitate our discussion, let us stack yit, xit,zit, vit, β̃t, b̃t, B̃t, γ̃it of all observations i over t.

We can rewrite the measurement equation (2.7) as

Y = Xβ0 + (X� t)b0 + Xωβ β̃ + XωbB̃ − exp(Zγ0 + Zωγ γ̃) + v, (3.1)

where� represent element-wise or Hadamard multiplication; Y = [y11, . . . , yn1, . . . , y1T , . . . ynT ]
′;

i = 1, . . . , n, t = 1, . . . , T . We construct X,Z,v, β̃, B̃, γ̃ following the same procedure as Y.

A matrix Xωβ =


X1ωβ 0 . . . 0

0 X2ωβ . . . 0
... . . . . . . ...

0 0 . . . XTωβ

, where Xωtβ =


x1tωβ

x2tωβ
...

xntωβ

. Similar procedure is

applied to Xωb , Zωγ .

The estimation of the parameters β0, b0,γ0, B̃, β̃, γ̃,ωβ,ωb,ωγ,ω
2
v can be obtained via the

MCMC algorithm. Of the parameters the estimation of γ0, γ̃,ωγ are a non-standard due to non-

linearity. We discuss Bayesian estimation for the parameters in this section, the others are referred

to Appendix A.

Following Bayes’ theorem, the conditional posterior of γ̃ is obtained by

p(γ̃|Y,β0, b0,γ0, β̃, b̃, B̃, θ) ∝ p(γ̃)p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ), (3.2)

where p(γ̃) is a prior of γ̃; p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ) is a likelihood function and p(γ̃|Y,β0, b0,

γ0, β̃, b̃, B̃, θ) is posterior of interest.

The prior p(γ̃) is obtained by moving γ̃it−1 to the left hand side of (2.11) and rewriting the state
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equation as

Kγ̃γ̃ = ξ ξ ∼ N(0, I). (3.3)

where Ku =


I 0 . . . 0

−I I . . . 0
... . . . . . . ...

0 0 −I I

.

Given the state equation (3.3), the log-density of prior is

logp(γ̃) ∝ −1

2
γ̃ ′K′γ̃Kγ̃γ̃ + c1, (3.4)

where where the constant c1 is independent of γ̃.

The log-likelihood function is obtained from the measurement equation (3.1)

logp(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ) ∝ −
1

2
(Y − Ŷ)′Pv(Y − Ŷ), (3.5)

where Ŷ = Xβ0 + (X� t)b0 + Xωβ β̃ + XωbB̃ − exp(Zγ0 + Zωγ γ̃).

As can be seen, the prior is a Gaussian, and therefore the conditional posterior density is a

Gaussian approximation if we approximate the likelihood function p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ)

by a Gaussian density. Similar to Chan and Strachan (2014), we approximate the log-likelihood

function p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ) at a particular point γ̆ using second-order Taylor series

approximation

logp(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ) ≈ p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ)|γ̃=γ̆ + (γ̃ − γ̆)′Fγ̃

−1

2
(γ̃ − γ̆)′Gγ̃(γ̃ − γ̆) + c2

≈ −1

2
[γ̃

′
Gγ̃γ̃ − 2γ̃ ′(Fγ̃ + Gγ̆)] + c2, (3.6)

where c2 is independent of γ̃; Fγ̃ and Gγ̃ denote as the gradients (i.e., first derivative) and negative

Hessian matrix. The Hessian matrix Gγ̃ of the likelihood function is a band and sparse matrix

which allows us to use the precision-based algorithm, recently proposed by Chan and Jeliazkov
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(2009) to obtain the candidate draws rather than Kalman filter-based algorithms, which speeds up

the computation time.

From (3.4) and (3.6), the log conditional posterior density is

logp(γ̃|Y,β0, b0,γ0, β̃, b̃, B̃, θ) ∝ logp(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ) + logp(γ̃)

≈ −1

2

[
γ̃

′
(Gγ̃ + K′γ̃Kγ̃)γ̃ − 2γ̃

′
(Fγ̃ + Gγ̃γ̆)

]
+ c3,(3.7)

where the constant term c3 is independent of γ̃.

The conditional posterior density (3.7) is the log-kernel of the Gaussian N(̂̃γ,P−1γ̃ ), where

Pγ̃ = (Gγ̃ + K′γ̃Kγ̃), ̂̃γ = P−1γ̃ (Fγ̃ + Gγ̃γ̆). A natural way of choosing γ̆ is the posterior mode

of logp(γ̃|Y∗,ωγ̃, σ2
v) , which can be obtained via the Newton-Raphson method (see Kroese et al.

(2011, pp.688-689)). The states γ̃ are first sampled from the Gaussian proposal N(̂̃γ,P−1γ̃ ), then

an algorithm ARMH (Chib and Greenberg (1995, pp.331-332) is used to accept or reject the can-

didate draws. The idea of using ARMH is that. In our set-up, the target density is the conditional

posterior density p(γ̃|.) which is non-standard distribution. To generate candidate draws γ we use

its Gaussian approximation, denoted as q(γ̃|.). In the classic accept-reject algorithm, it requires

there exits constant d such that

p(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ)p(γ̃) < dq(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ). (3.8)

Equation (3.8) implies that the right-hand side needs to dominate the left-hand side in order to

ensure that the Gaussian proposal density is a good approximation for the target density. How-

ever, it is often difficult to chose such a d to ensure the condition is hold, especially if γ̃ is high

dimensional vector. To relax the dominant condition in equation (3.8), ARMH is used. That is, if

a candidate draw γ̃ from the Gaussian approximation meets the condition in (3.8), we accept the

draw, otherwise we use M-H to decide whether to accept or reject the candidates and stay at the

current state.
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For the estimation of time-invariant parameter ωγ̃ , the log-conditional posterior of ωγ̃ is

logp(γ0|Y,β0, b0, γ̃, β̃, b̃, B̃, θ) ∝ log(p(γ0) + logp(Y|β0, b0,γ0, β̃, b̃, B̃, γ̃, θ),

≈ −.5(γ0 − γ0)
′Pγ0(γ0 − γ0)− .5(Y − Ŷ)′Pv(Y − Ŷ)

(3.9)

To approximately sample from the conditional posterior, we implement Metropolis-Hastings with

Gaussian approximation N(µγ0 ,P
−1
γ0

), where the vector µγ0 is chosen as the mode of the poste-

rior density, i.e., argmaxγ0 logp(γ0|.) which can be obtained via Newton-Raphson procedure with

gradient (first derivative of (3.9)) and Hessian matrix (second derivative of (3.9) ).

The acceptance rate of a new candidate, e.g., γ0 can be written as

α(γ0,γ
∗
0) = min

{p(γ∗
0 |Y,β0, b0, γ̃, β̃, b̃, B̃, θ)

p(γ0|Y,β0, b0, γ̃, β̃, b̃, B̃, θ)
, 1
}

(3.10)

The similar procedure is also applied for ωγ̃ .

4. Testing for model specification and time-variation

This section discusses specification test for time-variation in βt, bt, γit and for functional specifica-

tion (e.g., Cobb-Douglas, translog function). Given the set-up as in (2.7)-(2.11), we are testing a re-

stricted model (M1) where slope coefficients are time-invariant, i.e., ωκ = 0, where κ = βt, bt, γit,

versus an unrestricted model (M2) where parameters are time-varying (i.e., ωκ 6= 0). It is noted

that here we are not performing the test with the null hypothesis ω2
k = 0. This is because the

null hypothesis lies on the boundary of the parameter space (Andrews (2001)). Likelihood ratio

test or information criteria such as Aikaike information criteria are not applicable as they rely on

asymptotic properties based on regularity conditions, which are violated here. The non-regular

testing problem can be resolved directly using Bayesian approach.

In Bayesian framework, a popular method to conduct such hypothesis test in Bayesian frame-

work is to use a posterior odds ratio

P(M1|Y)

P(M2|Y)
=

P(M1)

P(M2)

p(Y|M1)

p(Y|M2)
(4.1)
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where P(M1)
P(M2)

is the prior odds ratio. Under equal prior model probabilities, P(M1) = P(M2), the

posterior odds ratio in favor of M1 is dependent on the Bayes factor, BF12 = p(Y|M1)
p(Y|M2)

, where

p(Y|M1) and p(Y|M2) is the marginal likelihood for model M1, M2. Verdinelli and Wasserman

(1995) showed that the comparison for nested models can be done in a simpler set up without

computing marginal likelihood. That is, the Bayes factor can be computed using Savage-Dickey

(SD) density ratio

SD =
p(ωκ = 0)

p(ωκ = 0|Y)
. (4.2)

Intuitively, if ωκ is more likely to be zero under the prior density than the posterior density (i.e.,

SD > 1), then it is viewed as evidence in favor of time-varying models.

The numerator is the marginal prior density of ωκ evaluated at 0, and can computed analytically.

The denominator is marginal posterior evaluated at 0, which can be calculated numerically using

the so-called Rao Blackwell algorithm. For instance, p(ωβ(j) = 0|Y) can be evaluated by

̂p(ωβ(j) = 0|Y) =
1

R

R∑
r=1

p(ω
(j)
β = 0|Y,β0

(r), b0
(r),γ0

(r), β̃
(r)
, b̃

(r)
, B̃

(r)
, γ̃(r),ω

(r)

β(−j) ,ω
(r)
b ,ωγ

(r)ω2(r)
v )

(4.3)

where ωβ(−j) is a vector of ωβ without an element of ωβ(j); β0
(1), b0

(1),γ0
(1), β̃

(1)
, b̃

(1)
, B̃

(1)
,

γ̃(1),ω
(1)

β(−j) ,ω
(1)
b ,ωγ

(1)ω
2(1)
v , . . . ,β0

(r), b0
(r),γ0

(r), β̃
(r)
, b̃

(r)
, B̃

(r)
, γ̃(r),ω

(r)

β(−j) ,ω
(r)
b ,ωγ

(r)ω
2(r)
v are

posterior draws from the MCMC algorithm.

Similar procedure can be used to perform a test for model specification (i.e., Cobb-Douglas,

translog function). For instance, we can the restricted model specification translog function versus

the unrestricted function, then the null hypothesis is b(1)0 = b
(2)
0 = b

(3)
0 = b

(4)
0 = b

(5)
0 = 0.

5. Application

Explaining economic growth is one of the central problems that researchers have grappled with for

decades. Here we follow the branch using a frontier methodology, which naturally allows for the

decomposition of output changes into three factors: technological changes (shift of the frontier),

efficiency changes (movements toward to the frontier) and input changes (i.e., changes in labor
12



and capital).3 The approach has gained its popularity since the seminal work of Färe et al. (1994)

(see Kumar and Russell (2002), Henderson and Russell (2005), Koop and Potter (1999), Koop

et al. (2000), Mastromarco and Simar (2014), and among many others).

Our empirical illustration is closely related to the studies of Koop et al. (1999) and Koop et al.

(2000). The differences between our model and their models are i) technical inefficiencies are

bounded and time-varying; ii) time-variation in coefficients of production is considered; iii) the

possibility of heteroskedasticity in production function and the temporal behaviour of inefficien-

cies are taken into account; iv) the effects of foreign of direct investment (FDI).

As for FDI, many studies found that it plays an important role on moving the countries closer

to the frontier, indicating the effect on efficiencies. FDI can increase an economy’s efficiency

level via the channel of transferring technology. The transfer of technology happens with the

adoption of new technology brought by new foreign companies, the skilled labour acquired by the

local labour force as they are trained by foreign companies (see Iyer et al. (2008), Mastromarco

and Ghosh (2009), etc.). FDI can also increase productivity by spurring competition: foreign

companies invest more in innovation so as to keep up with their technological advantage (Glass

and Saggi (1998)). Here we investigate whether FDI has an influence on technological factors or

efficiency levels. We assume the exogenous of FDI as do among others such as van Pottelsberghe

de la Potterie and Lichtenberg (2001), Kneller and Stevens (2006), Wang and Wong (2012), etc.

In this study, we use data from 21 OECD countries over time period 1970-2011. The data

contains aggregate output real GDP (Y ), labour (L) and capital stock (K), which are obtained

from Penn World Tables (version 8.0). FDI is collected from the World Bank World Development

Indicators. The descriptive statistics for the data are presented in Table B.1 Appendix B.

We first investigate the temporal behaviours of efficiency levels of OECD countries, and exam-

ine whether FDI has more influence on the production frontier or on distribution of inefficiencies.

Second, we explore the role of efficiencies and key underlying factors contributed to output growth.

3Another popular approach in the literature of economic growth is growth accounting (see Maddison (1987) for a

survey).
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Our results in this empirical studies are based on 30,000 MCMC iterations with 5,000 burn-in.

5.1. Priors

We consider the model specification as in (2.7)-(2.11) where x∗it = [log(Lit) log(Kit)], z∗it =

FDIit and yit = log(GDPit). We consider the following independent priors

p(β0) = N(µβ, I), p(b0) = N(µb, I), p(γ
(1)
0 ) = N(µγ(1) , 0.1I), p(γ

(2)
0 ) = N(0, I),

p(β̃1) ∼ N(0, 0.01I), p(B̃1) ∼ N(0, 0.01I), p(γ̃1) ∼ N(0, 0.01I), p(ωβ) = N(0, I)

p(ωb) = N(0, I), p(ωγ) = N(0, I), p(ω2
vi
) ∼ IG(10, 1).

The prior variances are set to be fairly large for β, b0, so the initial distributions for the pa-

rameters are relatively non-informative. For other parameters ωβ, ωb, ω2
vi

, we also choose fairly

non-informative priors. The prior variances for β̃1, B̃1 and γ̃1 are chosen relatively small to en-

sure that their respective initialized values are at 0 (see Section 2). We choose the starting values of

base inefficiencies (γ(1)
0 ) from Gaussian distribution with mean 0.2 and variance 0.1 to reflect the

desired smoothness of the corresponding transition of inefficiencies. The priors for initial values

of γ(2)
0 are chosen relatively informative.4

5.2. Model specification

We first formally test for production specification, time variation in the coefficients and inefficien-

cies, i.e., ωβ = 0,ωb = 0,ωγi = 0, and the effects of FDI on inefficiencies (γ(2)
0 = 0) Let Mu

denote unrestricted model in (2.7) and let M1, M2, M3, M4, M5, M6 correspond to the restricted

versions β0 = 0, b0 = 0, ωβ = 0, ωb = 0, ω
γ
(1)
i

= 0, γ(2)
0 = 0 respectively. The estimated log

Bayes factor are report in Table 5.1 ; the numerical standard errors are computed using 10 parallel

chains, each of which is length 30000 with a burn-in of 5000.

A positive log-Savage Dickey logSD ratio represents evidence in support of unrestricted model

4We have also tried a various set of different mean priors for γi0, the conclusions of this empirical study are robust

to the choices.
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Table 5.1: The estimated log Savage Dickey ratio and the numerical standard errors in parentheses

log SDu1 log SDu2 log SDu3 log SDu4 logSDu5 logSDu6

3847577 723.87 -43.47 -43.42 927.4 -7.46

(51.90) (67.54) (0.21) (0.29) (65.4) (0.55)

against the restricted model and vice versa. The results indicate that log Savage Dickey ratios are

in favor the model where β0 6= 0, b0 6= 0, but not γ(2) 6= 0. Specifically, log-Savage Dickey

ratio is in favor the model b0 = 0 is about e723.87. This indicates that the production function is

not Cobb-Douglas, and that the effects of FDI on inefficiencies are not significant. We go further

to check the logSD ratio for the coefficient of FDI in the production function, and it is positive,

suggesting the model is in favor in effects of FDI on production function rather than inefficiencies.

The logSDratio is not in favor of the models where ωβ = 0 and ωb = 0, but in favor of the

time-varying inefficiency levels (logSD = 927.4).

5.3. Efficiency levels

One of the interests concerns the evolution of efficiencies, which are are obtained by taking expo-

nent values of negative inefficiencies, i.e., TEit = exp(−uit). Figure 1 illustrates the evolution

of technical efficiencies of a selected countries; a full details of technical efficiencies and highest

95% posterior density (HDI) is presented in Appendix B. We report the results in posterior mean

of efficiency levels.
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Figure 1: The evolution of posterior means of efficiencies of some selected OECD countries over 1970-2011.

Figure 1 shows that the evolution of efficiencies vary across these countries. The results show

a high degree of persistence of efficiencies throughout the periods. Over all, Norway and Ireland

experienced an improvement in efficiencies from 1970-2011. Norway’s efficiencies had a steady

increase from 1985 to 2006, and slightly decrease since 2006 but were still at high level of effi-

ciencies. Our results suggest that Norway is the most efficient countries among the countries in

the data set. Variation in the time-varying patterns of efficiencies of Belgium, U.K. and the U.S

were not drastic. Greece is found to suffer from a decrease in efficiencies over the time (drop from

0.54 in 1970 to 0.52 in 2011).

Care must be taken when interpreting efficiencies results for particular countries. For instance,

decrease in efficiency should not be interpreted as it lowers well-being of the countries. This only

implies that given similar levels of capital and labour, countries with an improvement in efficiency

scores have exploited their resources relatively better than other countries over the time periods.

Inefficiency could be due to waste or misallocation of input resources, or may be due to a failure

to adopt best practice frontier.
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5.4. Growth Decomposition

A number of questions arising are: Is economic growth is driven by countries improving effi-

ciencies? Or is it driven by movements of or along the frontier. To seek into four components

technical change (measured by ATC), input change (measured by AIC) and efficiency change

(measured by AEC). The decomposition is based on the idea that the countries are assumed to

operate according to a common efficient frontier. Accordingly, the countries can be thought of

as performing on or within the frontier, and the distance from the frontier reflecting the technical

inefficiency. Over time, a country can perform less inefficient and move toward to the frontier or

the frontier itself can shift outward over time, indicating technology progress. A country can also

move along the frontier by changing inputs.

Table 5.2 presents the posterior means and standard deviations of the measures as well as ex-

pected GDP growth (AGC), approximately equal to the sum of AIC,ATC and AEC. It is noted

at ATC, AIC, AEC are the average annual percentage growth rates, which is defined as geo-

metric averages of annual changes. For instance, technical change for a country i between period

t − 1 and t is defined as ICit = exp
(

1
2
(xit − xit−1)(βt + βt−1)

)
; cumulated technical change

is then defined as CICi =
∏T

t=2 ICit, and AIC = (CICi)
1/T−1. The detail construction of the

measurements can be found in (Koop et al., 1999, pp.459-461).

Table 5.2 indicates that our model fits the data well in that expected output growth and actual

average GDP are almost identical and numerical standard errors of AGC is relatively small. The

decomposition suggests that on the average, the main contribution to economic growth is input

change and technical change and technical efficiency plays a minor role. The conclusions are in

line with the findings in Koop et al. (1999) and many others in the literature (e.g., Kumar and

Russell (2002), Henderson and Russell (2005)). However, we find some findings are considerably

different from Koop et al. (1999) when taking a closer look to some countries.5 For instance, we

found U.K. growth was driven mainly due to technical change, input accumulation. Given the

5It is noted that we only compare whether the main conclusions in Koop et al. (1999) are hold for our data set

here; the numbers are not comparable due to different dataset.
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Table 5.2: Growth rate components for selected countries

GDP growth AGC AIC ATC AEC

Belgium 2.82 2.75 0.91 1.99 -0.16

(0.26) (0.24) (0.31) (0.30)

Ireland 5.59 5.53 1.70 3.39 0.37

(0.28) (0.55) (0.56) (0.39)

Norway 5.34 5.12 1.49 2.83 0.73

(0.26) (0.30) (0.41) (0.31)

Turkey 4.24 4.17 2.73 1.32 0.08

(0.27) (0.31) (0.50) (0.40)

U.K. 2.49 2.43 1.18 1.07 0.16

(0.26) (0.22) (0.36) (0.32)

U.S. 2.81 2.85 2.29 1.03 -0.47

(0.28) (0.31) (0.63) (0.51)

Average 3.23 3.24 1.70 1.72 -0.21

(0.26) (0.29) (0.38) (0.34)

Notes: AGC is average GDP change

AIC is average input change

ATC is average technical change

AEC is average efficiency change

We present posterior means and posterior standard deviations (in parentheses)
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model of static efficiency and deterministic trend, Koop et al. (1999) found technical change in

U.K. might be technology regres (posterior mean of ATC is negative -0.41). Efficiencies was

found to play no role in output growth in Ireland and Norway in the study of Koop et al. (1999).

By allowing the time-varying efficiencies and using the data form 1970-2011, we found that ef-

ficiencies do make a contribution to their respective economic growth. In fact, efficiency almost

contributes around 14% to Norway’s GDP growth. It is noted that the negative contribution of

efficiency to output growth might indicate that one of possible policies for the countries to boost

their economic growth is to improve efficiency levels.

5.5. Evidence on efficiency of the MCMC algorithm

To evaluate the efficiency of the MCMC algorithm we use an inefficiency factors, defined as

1 + 2
∑L

l=1 φl, where φl is the sample autocorrelation at lag length l and L, which are chosen

large enough so that the autocorrelation tapers off. If we take 10,000 draws of a parameters and

find an inefficiency score of 50, then these draws are equivalent to 2,000 independent draw from

the posterior.

Table 5.3: Inefficiency factors of selected parameters

Percentiles γ̃ β̃ b̃ B̃ b0 β0 γ0 ω2
v ωβ ωb

25% 50.05 6.55 1.87 1.90 9.33 5.36 1.63 1.00 12.89 11.64

50% 61.14 8.08 2.26 2.35 9.89 13.08 1.64 1.00 15.80 15.22

75% 80.25 16.98 2.88 3.15 10.42 13.09 1.67 1.00 17.58 18.86

Table (5.3) summaries the inefficiency factors for the parameters and hyper-parameters. Since

there are a total of T inefficiency factors associated with u for each observation, we therefore

report the 25th, 50th and 75th percentiles of inefficiency factors of u. We adopt a similar strategy

for other states. The efficiency factors are overall relatively low, suggesting that the proposed

sampler is quite efficient in terms of producing posterior draws that are not highly correlated.
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6. Conclusions

In this paper, we have introduced a variant stochastic frontier model with dynamic inefficiencies.

The model provides a structural interpretation in variation of technical efficiencies. Further, given

the specification, we are able to perform a test for time-variation in inefficiencies and the effects

of external factors in efficiencies using Savage-Dickey ratio density. An ARMH algorithm in the

spirit of Chan and Jeliazkov (2009), Chan and Strachan (2014) is used to generate the time-varying

models from its conditional posterior. The algorithm provides a fast and efficient way sampling

the state vectors.

Second we also consider time-variation in slope coefficients of production function and show

that this specification nests a number of commonly used function form such as Cobb-Douglas and

translog function.

Our empirical results, based on 21 OECD countries over 1970-2011, show a high degree per-

sistence of efficiency levels through time periods. The evolution of efficiency levels differs across

the countries. Some countries (e.g., Ireland, Norway) experienced an improvements in efficiency

levels while some (e.g., U.S.) suffered from a decrease in efficiency.

Our results confirm some findings in the literature. The key drivers of output growth are techni-

cal change, and that input change and efficiency change plays a small role in output growth on the

average. However, taking a closer look to individual countries, we found that efficiency a signifi-

cant percentage to output growth for some countries such as Norway, Germany, Ireland. Further,

a negative contribution of efficiency to output growth might indicate that one of possible policies

for the countries to boost their economic growth is to improve efficiency levels.
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Appendix A. MCMC algorithm

In this Appendix, we elaborate a posterior simulation algorithm for the proposed model presented

in Section 2. The model has the following specification

Y = Xβ0 + (X� t)b0 + Xωβ β̃ + XωbB̃ − exp(Zγ0 + Zωγ γ̃) + v + v. (A.1)

To faciliate further discussion, we can rewrite the model as follows

Y = Xδ0δ0 + Xδ̃δ̃ − exp(Zγ0 + Zωγ γ̃) + v. (A.2)

where Xδ0 = [X (X� t)]; δ0 = [β0, b0]
′;

Xδ̃ =


[X1ωβ,X1ωb] 0 0 . . . 0

0 [X2ωβ,X2ωb] 0 . . . 0
... . . . . . . . . . ...

0 0 0 . . . [XTωβ,XTωb]

; X1ωβ =


x1tωβ

x2tωβ
...

xntωβ

, similar

procedure is applied for X1ωb and other elements where t = 1, . . . , T .

The state equations (2.8)-(2.10) can be written as

Kδ̃δ̃ = ξ ξ ∼ N(0,Hδ̃), (A.3)

where Kδ̃ =



Iβ̃ 0 0 0 0 0 . . . 0

0 Ib̃ 0 0 0 0 . . . 0

0 0 IB̃ 0 0 0 . . . 0

−Iβ̃ 0 0 Iβ̃ 0 0 . . . 0

0 −Ib̃ 0 0 Ib̃ 0 . . . 0

0 0 −Ib̃ −IB̃ 0 IB̃ . . . 0
... . . . . . . . . . . . . . . . . . . ...

0 0 0 0 0 0 . . . IB̃



; δ̃ =



β̃1

b̃1

B̃1

...

...

β̃T

b̃T

B̃T



.
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H =



Iβ̃ 0 0 . . . 0

0 Ib̃ 0 . . . 0

0 0 108IB̃ . . . 0
... . . . . . . . . . ...

0 0 0 . . . 108IB̃


.

Given the new notations, the parameters δ0, δ̃,γ0, γ̃,ωβ,ωb,ωγ,ω
2
v can be estimated by se-

quentially drawn from the following Gibbs sampling

[1.] Draw δ0 = [β′0, b
′
0]
′ from the normal conditional posterior:

δ0 ∼ N(δ̂0,P
−1
δ̂0
),

where

Pδ̂0
= Pδ0 + X′δ0PvXδ0 , δ̂0 = P−1

δ̂0
(X′δ0Pv(Y − Xδ̃δ̃ + exp(Zγ0 + Zωγ γ̃)) + Pδ0δ0);

where Pδ0 , δ0 are the initialized starting values of the precision matrix (inverse variance)

and mean values of δ0.

[2.] Draw δ̃ contains β̃, b̃, B̃ from the normal conditional posterior:

δ̃ ∼ N(˜̂δ,P−1˜̂δ
),

where P˜̂δ
= K′

δ̃
Hδ̃Kδ̃ + X′δ̃PvXδ̃,

˜̂
δ = P−1˜̂δ

(Xδ̃Pv(Y −Xδ0δ0 + exp(Zγ0 + Zωγ γ̃)).

It is noted that to draw the time-varying parameter δ̃, we use the precision based algorithms

proposed by Chan and Jeliazkov (2009) rather than Kalman filter based algorithms. The

algorithm provides a fast and efficient to sample δ̃ as it utilizes the sparse and banded ma-

trices.

[3.] Let rewrite Xδ̃δ̃ = Xβ̃ωβ + Xb̃ωb where

Xβ̃ =


X1diag(β̃1) 0 . . . 0

0 X2diag(β̃2) . . . 0
... . . . . . . ...

0 0 . . . XTdiag(β̃T )

. Similar procedure is applied for

Xb̃.
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[4.] Draw ωβ from the normal conditional posterior:

ωβ ∼ N(ω̂β,P
−1
ω̂β

),

Pω̂β = Pω̂β + X′
β̃
PvXβ̃, ω̂β = P−1ω̂β(Pω̂βωβ + X′

β̃
Pv(Y −Xδ0δ0 −Xb̃ωb + exp(Zγ0 +

Zωγ γ̃)))

[5.] Draw ωb from the normal conditional posterior:

ωb ∼ N(ω̂b,P
−1
ω̂b
),

Pω̂b = Pω̂b + X′
b̃
PvXb̃, ω̂b = P−1ω̂b (Pω̂bωb + X′

b̃
Pv(Y − Xδ0δ0 − Xβ̃ωβ + exp(Zγ0 +

Zωγ γ̃))).

[6.] For each ω2
vi

, draw ω2
vi

from the inverse gamma conditional posterior:

ω2
vi
∼ IG

(
τvi + T − 1, Svi +

1

2

T∑
t=2

(yit − ŷit−1)2
)
,

where yit = xitβ0 + xittb0 + xitωββ̃t + xitωbB̃t − exp(zitγi0 − zitωγit γ̃it).
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Table B.1: Descriptive statistics for variables used in estimation

GDP (in 000s) L K (in 000s) FDI

Australia 469,457,022 7,915,850 1,523,100,839 2.08

Austria 191,326,249 3,491,144 621,880,626 1.93

Belgium 246,537,003 3,934,699 771,728,363 8.55

Canada 771,875,552 12,799,122 2,105,717,010 2.08

Denmark 133,609,172 2,647,057 440,202,100 1.66

Finland 112,694,104 2,339,262 448,232,295 1.54

France 1,368,321,804 23,935,329 4,393,159,479 1.33

Germany 1,863,154,487 37,606,167 6,137,226,750 0.96

Greece 171,059,356 4,097,929 574,116,274 0.77

Ireland 80,763,630 1,378,069 199,133,582 5.88

Italy 1,258,005,719 22,192,072 4,533,384,827 0.53

Japan 2,813,658,161 61,193,693 10,009,963,101 0.08

New Zealand 72,957,208 1,739,870 182,613,516 2.57

Netherlands 383,048,964 6,889,215 1,181,301,257 7.88

Norway 128,789,756 2,122,041 423,445,561 1.57

Portugal 142,134,854 4,398,743 456,053,633 1.73

Spain 734,313,237 14,644,606 2,477,709,557 1.96

Sweden 213,654,308 4,275,507 540,170,993 2.60

Turkey 514,696,384 17,998,953 1,125,752,455 0.67

U.K. 1,313,025,655 26,166,970 3,139,447,521 2.63

U.S. 8,593,822,214 118,871,391 24,282,753,048 0.94

Notes: Y is real GDP measured in million U.S. dollars at 2005 constant

prices (using chanied index),

L is the number of persons engaged in labor force,

K is capital stock mesured in million U.S. dollars at current 2005 constant

prices,

FDI is measured as a ratio of net inflows of foreign direct investment to

GDP.

28



Table B.2: Growth rate components for 21 OECD countries

GDP growth AGC AIC ATC AEC

Australia 3.40 3.49 2.37 1.35 -0.25

(0.26) (0.17) (0.30) (0.30)

Austria 3.06 3.11 1.62 2.11 -0.64

(0.26) (0.35) (0.32) (0.29)

Belgium 2.82 2.75 0.91 1.99 -0.16

(0.26) (0.24) (0.31) (0.30)

Canada 3.10 3.28 2.55 1.10 -0.38

(0.25) (0.14) (0.31) (0.29)

Denmark 2.35 2.47 0.81 2.49 -0.83

(0.26) (0.27) (0.35) (0.30)

Finland 2.86 2.94 0.71 2.67 -0.44

(0.26) (0.30) (0.39) (0.31)

France 2.52 2.40 1.50 0.80 0.10

(0.26) (0.28) (0.34) (0.32)

Germany 2.78 2.60 1.23 0.86 0.49

(0.26) (0.23) (0.37) (0.33)

Greece 3.01 3.05 1.60 1.98 -0.54

(0.26) (0.27) (0.31) (0.29)

Ireland 5.59 5.53 1.70 3.39 0.37

(0.28) (0.55) (0.56) (0.39)

Italy 2.86 2.78 1.77 0.75 0.24

(0.26) (0.32) (0.33) (0.33)

Japan 3.16 3.30 2.69 1.02 -0.42

(0.28) (0.52) (0.46) (0.41)

New Zealand 2.73 2.93 1.28 3.01 -1.35

(0.27) (0.20) (0.49) (0.39)

Netherlands 3.24 3.13 1.63 1.48 0.00

(0.26) (0.20) (0.30) (0.30)

Norway 5.34 5.12 1.49 2.83 0.73

(0.26) (0.30) (0.41) (0.31)

Portugal 3.40 3.39 2.31 1.84 -0.77
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Table B.2 Continued:

(0.26) (0.40) (0.38) (0.32)

Spain 3.52 3.42 2.41 1.03 -0.05

(0.27) (0.40) (0.31) (0.34)

Sweden 2.56 2.68 1.06 1.94 -0.34

(0.26) (0.19) (0.31) (0.30)

Turkey 4.24 4.17 2.73 1.32 0.08

(0.27) (0.31) (0.50) (0.40)

U.K. 2.49 2.43 1.18 1.07 0.16

(0.26) (0.22) (0.36) (0.32)

U.S. 2.81 2.85 2.29 1.03 -0.47

(0.28) (0.31) (0.63) (0.51)

Average 3.23 3.24 1.70 1.72 -0.21

(0.26) (0.29) (0.38) (0.34)
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Table B.3: Posterior mean efficiency levels and 95% HPD

25% Mean 95 %

Australia 0.69 0.79 0.89

Austria 0.61 0.70 0.79

Belgium 0.64 0.73 0.82

Canada 0.71 0.82 0.92

Denmark 0.56 0.65 0.74

Finland 0.51 0.59 0.68

France 0.65 0.75 0.86

Germany 0.55 0.65 0.74

Greece 0.50 0.57 0.64

Ireland 0.53 0.66 0.80

Italy 0.64 0.75 0.86

Japan 0.52 0.63 0.74

New Zealand 0.45 0.55 0.66

Netherlands 0.65 0.75 0.84

Norway 0.66 0.77 0.88

Portugal 0.42 0.49 0.57

Spain 0.60 0.70 0.79

Sweden 0.60 0.69 0.78

Turkey 0.46 0.57 0.69

U.K. 0.64 0.75 0.86

U.S. 0.56 0.74 0.90
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